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A cascade of e−e+ pair production by a photon with subsequent annihilation to a
single photon in a strong magnetic field
M. M. Diachenko,∗ O. P. Novak,† and R. I. Kholodov‡
The Institute of Applied Physics of National Academy of Sciences of Ukraine,
58, Petropavlivska Street, 40000, Sumy, Ukraine
The process of electron-positron pair production by a photon with subsequent annihilation to
a single photon in a strong magnetic field has been studied. The general amplitude has been
calculated and the process rate have been found in the low Landau levels approximation (resonant
and nonresonant cases). The comparison of resonant and nonresonant cases shows a significant
excess of the resonant rate. The polarization of the final photon in a strong magnetic field has also
been found. It has been shown that polarizations of the initial and the final photons are independent
except for the case of normal linear polarization of the initial photon.
2016 Laser Phys. 26 066001; doi:10.1088/1054-660X/26/6/066001
I. INTRODUCTION
The process of photon propagation in a strong external
electromagnetic field remains topical, despite an exten-
sive literature on this subject [1]-[15].
The first theory of this process has been developed in
Refs. [1]-[3] using polariztion operator method, and the
refractive index of polarized vacuum has been found. In
external electromagnetic field, vacuum becomes an opti-
cally active medium, and the effect similar to light bire-
fringence can be observed. In the works [4]-[8] consid-
erable attention was paid to vacuum polarization and
the singularity of the polarization operator in a constant
magnetic field. Also, the influence of vacuum polariza-
tion on the propagation and absorption of electromag-
netic waves near pulsars was considered.
It should be emphasized that in the resonant case
the intermediate electron-positron pair still can anni-
hilate to the final photon instead of producing a real
electron-positron pair. However, the divergence of the
polarization operator is usually associated only with one-
photon pair creation. The cascade process of pair produc-
tion with subsequent annihilation requires more detailed
study. The similar process of production of an electron-
positron pair and successive annihilation has been re-
cently considered also in a plane-wave field in [16]. Also,
there is another resonance in the problem, which is the
result of the formation of a bound state between the cre-
ated electron and positron [14, 15].
It should be noted, that the resonant divergences are
typical for two vertex QED processes in external elec-
tromagnetic field. In this case, the intermediate particle
goes to the mass shell [17]-[27].
In this work the process of electron-positron pair
production by a photon with subsequent annihilation
to a single photon in a magnetic field is studied us-
ing diagram technique. Magnetic field is considered
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FIG. 1. The Feynman diagram of the process of photon prop-
agation in a magnetic field with production and annihilation
of a virtual electron-positron pair
to be comparable with the critical Schwinger one,
Hc = m
2c3/e~ = 4.41 · 1013 G. Such fields are believed
to exist at neutron stars [11]-[13]. Subcritical magnetic
field can be generated in heavy ion collisions with the im-
pact parameter comparable to the Compton wavelength
of an electron [28]. The process rate has been found in
the Low Landau Levels (LLL-) approximation and the
polarization degree of the final photon has been con-
sidered in resonant and nonresonant cases. In should
be noted, that the process rate contains the divergence
(Dirac delta-function), since there is a single particle in
the final state. Nevertheless, it is still possible to consider
photon polarization because the delta function cancels in
the expression of polarization degree.
II. THE PROCESS AMPLITUDE
Let us consider the propagation of an arbitrary polar-
ized photon in a uniform magnetic field. The Landau
gauge is chosen of electromagnetic 4-potential, which is
(0; 0, xH, 0).
The Feynman diagram of the process is shown in fig.1.
The wavy line is the photon wave function and the inter-
nal double lines are the Green’s functions of the virtual
electron and the positron in a magnetic field.
The wave function of a photon has a standard form (we
2will use natural units, where ~ = c = 1, throughout) [31]:
Aµ =
√
2π
ωV
eµe
−ikx, (1)
where V is the normalization volume, eµ = (0, ~e) is the
polarisation 4-vector of the photon:
~e =

 cosφ cos θ cosα− e
iβ sinφ sinα
sinφ cos θ cosα+ eiβ cosφ sinα
− sin θ cosα

 . (2)
Here, φ and θ are the azimuthal and polar angles, α and β
are the parameters that determine a photon polarization.
The Green’s function of an electron in a magnetic field
has the following form [22]-[27]
G(x, x′) =
−m
√
h
(2π)3
∫
d3ge−iΦ
∑
n
GH(x, x
′)
g20 − E2n
, (3)
GH(x, x
′) = (γP +m)
[
τUnU
′
n + τ
∗Un−1U
′
n−1
]
+
+im
√
2nhγ1
[
τUn−1U
′
n − τ∗UnU ′n−1
]
, (4)
where h is magnetic field strength in the units of the
quantum critical magnetic field of Hc, γ are the Dirac
gamma matrices, Un is the Hermite function, ρ(x) =
m
√
hx+ gy/m
√
h is the argument of Un and the primed
functions in the formula (4) depend on x′,
Φ = g0(t− t′)− gy(y − y′)− gz(z − z′), (5)
τ =
1
2
(1 + iγ2γ1), (6)
P = (g0, 0, 0, gz). (7)
According to standard rules of quantum electrodynam-
ics [31], the amplitude of the process of photon propaga-
tion in vacuum in the presence of a magnetic field can be
written as
Sfi = e
2
∫
d4xd4x′Tr[(A′∗2 γ)G(x
′, x) (A1γ)
×G(x, x′)], (8)
where the primed wave function of the final photon de-
pends on x′.
Taking into account the expressions for the Green’s
functions (3) and the photon wave functions (1) and car-
rying out corresponding mathematical transformations,
it is easy to obtain the following expression for the gen-
eral amplitude of the process,
Sfi = −4πe
2δ3(k − k′)
V ω
×
∞∑
ng,nf=0
∫
dg0dgzdgy
eiΦ
′ ∑6
j=1Bj
(g20 − E2g)(f20 − E2f )
, (9)
where Bj have the form:
B1 = e1e2(J
2
nf ,ng
+ J2nf−1,ng−1)(m
2 + P ′f),
B2 = (T
+
1 T
−
2 J
2
nf−1,ng
+ T−1 T
+
2 J
2
nf ,ng−1
)(m2 + Pf),
B3 = −
√
2nfhmgz(Jnf ,ngJnf−1,ng (T
+
1 e2 + e1T
−
2 )
+Jnf ,ng−1Jnf−1,ng−1(e1T
+
2 + T
−
1 e2)),
B4 =
√
2nghm(Jnf ,ngJnf ,ng−1(e1T
+
2 + T
−
1 e2)
+Jnf−1,ng−1Jnf−1,ng(T
+
1 e2 + e1T
−
2 ))fz ,
B5 = 2hm
2√ngnfJnf ,ng−1Jnf−1,ng (T−1 T−2 − T+1 T+2 ),
B6 = 4e1e2hm
2√ngnfJnf ,ngJnf−1,ng−1.
Here,
Φ′ =
k′x − kx
hm2
gy − ky(k
′
x − kx)
2hm2
+ (ng − nf )(φ′ − φ),
ng,f are the Landau levels of the intermediate particles,
e1,2 are the parallel to the field components of the polar-
ization vectors of the photons, Jnf ,ng is the known func-
tions appearing in quantum electrodynamics in a mag-
netic field [22]-[30]. The following notation is introduced:
P ′ = (g0, 0, 0,−gz), (10)
T±1 = cos θ cosα± ieiβ sinα, (11)
T±2 = cos θ
′ cosα′ ± ie−iβ′ sinα′. (12)
Note that the functions T±1,2 determining the polarization
properties of photons coincide with the similar functions
in the process of two-photon electron-positron pair pro-
duction in a magnetic field [26].
After carrying out the integration (9) over dgy, the
amplitude of the process has the form
Sfi = −8π
2e2hm2δ4(k − k′)
V ω
×
∞∑
ng,nf=0
∫
dg0dgz
∑6
j=1 Bj
(g20 − E2g)(f20 − E2f )
. (13)
Note that the amplitude contains δ4(k − k′). In other
words, in the considered process both energy and momen-
tum conserve, despite the presence of a magnetic field. It
should be emphasized that this is not the case for most
QED processes in a magnetic field, and the amplitude
normally contains only 3-delta function (δ(kx − k′x) is
absent for Landau gauge of the potential).
In the considered process the dispersion law is satisfied
for the both initial and final photons, k2 = 0 and k′2 = 0.
Taking into account the 3-delta functions δ3(k− k′) it is
easy to find that kx = ±k′x. The case kx = −kx should be
rejected as non-physical, since it corresponds to reflection
of the photon regardless of the magnetic field strength
and the photon frequency.
Hereinafter, without loss of generality, we will use a
system of reference in which the parallel to the field pho-
ton momentum is absent,
kz = 0, (14)
3since the Lorentz transformation along ~H does not
change the magnetic field.
It is known that the amplitude of this process has the
divergence. Therefore, it is necessary to carry out the
procedure of regularization or renormalization. We will
use the Bogolubov regularization method [32]. Namely,
the denominator in the expression for the Green’s func-
tion should be replaced as follows:
((g, f)
2
0 − E2g,f + iǫ)
−1 → ((g, f)20 − E2g,f + iǫ)
−1
−((g, f)20 − E2g,f −M2 +m2 + iǫ)
−1
,(15)
where M is the additional mass. In the Bogolubov α
representation [32] (which is similar to the Schwinger’s
proper-time method [33]), the integrations in (9) can be
performed using the relation
1
g20 − E2g + iǫ
=
1
i
∫ ∞
0
dτeiτ(g
2
0−E
2
g+iǫ). (16)
After carrying out the procedure of regularization, the
general amplitude of the process is given by the formula
Sfi = i
8π3e2hm2δ4(k − k′)
V ω
×
∞∑
ng,nf=0
∫ 1
0
dζ
(
a− b
2
ln
∣∣∣∣ m
2ζ(1 − ζ)
ω2(ζ − ζ1)(ζ − ζ2)
∣∣∣∣
− m
2
ω2
c(ζ)
(ζ − ζ1)(ζ − ζ2)− i ǫω2
)
. (17)
Here, ǫ is the positive small quantity. The following no-
tation is used:
a = e1e2(J
2
nf ,ng
+ J2nf−1,ng−1)
+T−1 T
+
2 (J
2
nf−1,ng
+ J2nf ,ng−1), (18)
b = 2T−1 T
+
2 (J
2
nf−1,ng
+ J2nf ,ng−1), (19)
c(ζ) = a+ 4e1e2h
√
ngnfJnf ,ngJnf−1,ng−1
+a(1 + 2nfh) + 2haN−ζ, (20)
ζ1,2 =
1
2
− m
2
ω2
hN−
±
√
ω2
m2
(
ω2
m2
− 4[1 +N+h]) + 4h2N2−, (21)
N± = ng±nf and ω is the frequency of the initial photon.
III. THE RESONANT CONDITIONS AND THE
PROCESS RATE
Let us consider the resonant case when virtual particles
become real ones. In this case, both first-order poles in
(17) coincide with each other:
ζ1 = ζ2 = ζres. (22)
Equation (22) has two solutions, one of which is spurious.
Indeed, ζres does not belong to the integration interval
(17), hence, the singularity in the integrand vanishes.
Therefore, we will use the other solution, which has the
form
ωres = m
(√
1 + 2ngh+
√
1 + 2nfh
)
. (23)
Thus, the resonant frequency is equal to the sum of the
electron and the positron energies with zero longitudinal
momenta. It should be noted that the same condition was
obtained in [2] when analyzing the polarization operator
in the presence of a magnetic field.
In the resonant case (23) the amplitude of the process
(17) takes on the form
Sresfi = −i
8hπ4e2m4
V ω2Γ
δ4(k − k′)
∞∑
ng ,nf=0
c(ζres), (24)
where Γ is the width of the resonance.
Hereinafter, we will use LLL-approximation,
ng,f ∼ 1, hng,f << 1. (25)
These conditions are common in subcritical magnetic
field, when the field strength approaches the critical value
of Hc. In this approximation in the first order in h the
resonant photon frequency can be rewritten as:
ωres = m(2 +N+h). (26)
In the view of the above expressions, the resonant am-
plitude in the linear approximation on h has the form
Sresfi = −i
2hπ4e2m2
V Γ
δ4(k − k′)
×J2(e1e2[2 + h(N+ − 2ngnf )] + hN+T−1 T+2 ), (27)
where
J =
(−1)nf√
ng!nf !
e−
η
2 η
N+
2 . (28)
Here, η = (k2x + k
2
y)/2hm
2.
It should be noted that based on the formula for the
amplitude (27) the optical theorem can be derived. In
other words the rate of single-photon electron-positron
pair production is determined by the imaginary part of
the amplitude of the studied process. In the case of un-
polarized photon, the optical theorem looks like
Wpair = − 2Γ√
mδω
ImSresfi , (29)
where Wpair is the probability of the process of one-
photon electron-positron pair creation (see for example
[26, 29]), δω is the detuning from the threshold of the
one-photon pair creation. It should be emphasized that
in the formula (29) δω goes to zero if the pair is created
on fixed Landau levels with zero longitudinal momenta.
4It should be noted that the methods of quantum field
theory (QFT) [34]-[36], in particular the optical theorem,
can be applied to the problem of heavy charged particle
passing through the magnetized electron gas, which is re-
lated to the method of electron cooling. In this method
the emittance of heavy charged particle beam is reduced
due to collisions with electrons which have a small veloc-
ity spread [37]-[39]. The energy loss of a charged parti-
cle in the first Born approximation is determined by the
imaginary part of the polarization operator. It should
be noted that despite the widespread usage of the elec-
tron cooling method in accelerating technology, yet there
is no complete theoretical description of the difference
in the friction force for positive and negative particles,
which is experimentally observed [40]. This problem will
be important for electron cooling of antiproton beams at
the Hight Energy Storage Ring (HESR) [41, 42]. The
difference in cooling of antiprotons and protons can be
described using QFT methods in the second Born ap-
proximation.
Let us find the resonance rate of the process of photon
propagation in a strong magnetic field. According to the
well-known QED rules the differential rate is determined
as
dW = |Sfi|2V d
3k
(2π)3
. (30)
The integration over d3k can be carried out using δ-
function properties. The rate accurate to the first cor-
rections in h can be obtained in the form
Wres =
πh2m4e4
25Γ2
δ(ω − ω′)J4 ((1 + ξ3)(1 + ξ′3)
× [1 + (N+ − 2ngnf)h] + (ξ1ξ′1 + ξ2ξ′2)N+h) , (31)
where ξ1,2,3 are the Stokes parameters of photons [43]:
ξ1 = sin 2α cosβ,
ξ2 = sin 2α sinβ,
ξ3 = cos 2α.
It follows from (31) that the rate substantially depen-
dent on the initial photon polarization and vanish in the
case of normal linear polarization (ξ3 = −1) within the
accuracy of the approximation. Also, the suppression
of process rate occurs in the case ξ = −1 in other pro-
cesses in a magnetic field as well (for example, in the
process of electron-positron pair by a single photon [24].
The account of the next correction in h gives a small but
non-zero rate,
W (ξ3=−1)res =
πh4m4e4
26Γ2
δ(ω − ω′)J4N2+(1 − ξ′3). (32)
As it is known, the two vertex processes have the reso-
nant divergences. In this case, the intermediate particle
goes to the mass shell and second-order process can be
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FIG. 2. The dependence of the dimensionless process rate on
h.
represented by two subsequent first-order processes. The
resonant process of photon propagation in a magnetic
field can be represented as a sequence of processes of one-
photon pair creation and annihilation of pair in a single
photon. According to [24], in the case when the pho-
ton has normal linear polarization (ξ = −1), the rate of
the process of pair production by a photon is suppressed.
Thus, the rate of the process (Fig. 1) is also suppressed
when the initial photon has normally linear polarized.
It can be concluded from the expressions (31) and (32)
that the rate is considerably less in the later case. Fig.(2)
shows the dependence of the dimensionless process rate
on the magnetic field in the units of the critical strength
for various initial photon polarizations. It should be
noted that the width of resonance has the form [26]
Γ =
2
3
e2mh2. (33)
IV. NONRESONANT CASE
Let us consider the process in the nonresonant case
when the condition (22) is not fulfilled. In this case, the
initial photon frequency looks like
ω = ωres + κmh, (34)
where κ belongs to the interval (0, 1).
Taking into account the general amplitude and the
condition (34) the nonresonant amplitude in LLL-
approximation (25) takes on the form
Snonresfi =
hπ4e2m2
V ω
√
κh
δ4(k − k′)J2(s1e1e2
+s2T
−
1 T
+
2 ), (35)
5where
s1 = 1 +
24i
π
√
κh− h(13
8
κ+
5
4
N+ + ngnf ),
s2 =
hN+
2
.
Similarly to the previous section, one can find the rate
of the nonresonant process:
Wnonres =
πhm2e4
211κ
δ(ω − ω′)J4(1 + ξ3)(1 + ξ′3). (36)
In the same way, when the initial photon has normal
linear polarization the nonresonant process rate is
W (ξ3=−1)nonres =
πh3m2e4
212κ
δ(ω − ω′)J4N2+(1 − ξ′3). (37)
The formulas (36), (37) show that the rate in the case
of normal linear polarization of the initial photon is much
less then in other cases.
According to the expressions (31), (36), the ratio of
the resonant and nonresonant rates can be found as
Wres
Wnonres
=
144κ
e4h3
. (38)
It follows from the above expressions that the process
rate is substantially greater in the resonant case com-
pared to the nonresonant one.
V. POLARIZATION OF THE FINAL PHOTON
Let us find the polarization of the final photon when
the resonance condition (22) is fulfilled. By the defini-
tion, the degree of polarization of the final photon can
be written as
P =
W (ξ′)−W (−ξ′)
W (ξ′) +W (−ξ′) . (39)
After developing Eq. (39) into a power series and keeping
terms linear in h, the degree of polarization takes on the
form
P = ξ′3 +
ξ1ξ
′
1 + ξ2ξ
′
2
1 + ξ3
N+h. (40)
Equality (40) shows that the degree of polarization is
almost independent on the polarization of the initial pho-
ton. Taking into account the relation (40), the Stokes
parameters of the final photon can be written as
ξ′3 = 1, ξ
′
1 =
ξ1
1 + ξ3
N+h, ξ
′
2 =
ξ2
1 + ξ3
N+h. (41)
Thus, the final photon polarization is almost always lin-
ear anomalous and P ≈ 1.
The case ξ3 = −1 is the only exception. According to
the expression (32), the polarization of the final photon is
ξ′3 = −1. Therefore, the photon propagates in a magnetic
field without changing the polarization when the initial
polarization is normal linear one. It should be noted
that the photon polarization shows similar behavior in
the nonresonant case.
Thus, if the photon is polarized as an eigenmode (nor-
mal and anomalous mode polarizations are ξ = −1 and
ξ = 1, respectively), its polarization does not change af-
ter traveling through the magnetic field, in accordance
with known results [1-3].
VI. CONCLUSION
In the present work the process of photon propagation
in a subcritical magnetic field has been considered. The
photon polarization is assumed to have arbitrary values.
The obtained expressions of the process rate have been
analyzed in the LLL-approximation.
Considerable attention has been paid to the resonant
case (23) when the virtual electron-positron pair goes to
the mass shell. It should be emphasised that the resonant
photon propagation with production and annihilation of
electron-positron pair is possible when the condition (23)
is true. In the previous works, however, the resonance
was associated only to the single-photon production of
a real pair. The expressions for the process rate in the
resonant and nonresonant cases substantially depend on
the initial photon polarization. In the case of normal
linear polarization (ξ3 = −1) the rate has the minimum
value.
It was found from the consideration of the polariza-
tion degree, that the final photon has anomalous lin-
ear polarization (ξ′3 = 1) in most cases. The exception
is the case of normal linear polarization ξ3 = −1, when
the photon propagates without changing of the polariza-
tion (ξ′3 = −1). Thus, vacuum in a magnetic field does
not show optical activity when the photon polarization
ξ3 = ±1.
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